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ENHANCED BINDING IN NON-RELATIVISTIC QED
CHRISTIAN HAINZL1, VITALI VOUGALTER, AND SEMJON A. VUGALTER
Abstract. We consider a spinless particle coupled to a photon field
and prove that even if the Schro¨dinger operator p2 + V does not have
eigenvalues the system can have a ground state. We describe the cou-
pling by means of the Pauli-Fierz Hamiltonian and our result holds in
the case where the coupling constant α is small.
1. INTRODUCTION
In the picture of Quantum electrodynamics (QED) atoms consist of char-
ged particles, which are necessarily coupled to a photon field. If one ne-
glects the radiation effects one obtains the standard Schro¨dinger operator.
Although the fundamental properties of the one-particle and multi-particle
Schro¨dinger operators have been successfully studied since the middle of the
last century, the systematic mathematical study of the non-relativistic QED
model was initiated by Bach, Fro¨hlich, and Sigal in [BFS1, BFS2, BFS3] only
a couple of years ago (a comprehensive review of results in non-relativistic
QED can be found in [GLL]) and some very fundamental problems remain
still open. One of these problems is the question of enhanced binding via
interaction with a quantized radiation field.
Consider a particle in a potential well βV (x) with V (x) ≤ 0. If the poten-
tial well is not deep enough, i.e. β is small, the corresponding Schro¨dinger
operator does not have a discrete spectrum and binding does not occur.
There exists a critical value β0 such that for β > β0 there is at least one
bound state whereas for β ≤ β0 no particle can be bound.
In a recent paper Griesemer, Lieb, and Loss ([GLL]) proved that a photon
field cannot decrease the binding energy. If the Schro¨dinger operator with
potential βV has an eigenvalue, the corresponding energy operator in non-
relativistic QED (Pauli-Fierz Hamiltonian) has a ground state.
However, the physical intuition tells us that interaction with a photon
field must increase binding. According to the photon cloud surrounding
the particle, the effective mass of the electron increases and consequently it
needs more energy to leave the potential well.
The goal of this paper is to give a mathematical rigorous proof this phe-
nomenon. Previously the enhanced binding was studied in the dipole ap-
proximation by Hiroshima and Spohn in [HS]. In this approximation it is
Date: October 24, 2018.
1Marie Curie Fellow
1
2 HAINZL, VOUGALTER, AND VUGALTER
assumed that the magnetic vector potential does not depend on the co-
ordinates of the particle. They proved that, if the potential βV is fixed,
for sufficiently large values of the coupling parameter α (which is the fine
structure constant, see (1)), binding takes place.
Our approach to this problem is different. On the one hand we study the
Pauli-Fierz operator without additional restrictions on the magnetic vector
potential and on the other hand our results hold for small values of α (recall,
that the physical value of α is about 1/137). We prove that in case of the
Pauli-Fierz operator (and for small α enough) binding starts at values of β
strictly less than β0.
2. MAIN RESULTS
We describe the self-energy of the particle by
T = (p+
√
αA(x))2 +Hf , (1)
acting on the Hilbert space
H = L2(R3)⊗F , (2)
where F is the symmetric Fock space for the photon field.
We use units such that ~ = c = 1 and the mass m = 12 . The electron
charge is then given by e =
√
α, with α ≈ 1/137 the fine structure constant.
In the present paper α plays the role of a small, dimensionless number.
Our results hold for sufficiently small values of α. The electron momentum
operator is p = −i∇x, while A is the magnetic vector potential. We fix the
Coulomb gauge divA = 0.
The vector potential is
A(x) =
∑
λ=1,2
∫
R3
χ(|k|)
2pi|k|1/2 ελ
[
aλ(k)e
ikx + a∗λ(k)e
−ikx
]
dk, (3)
where the operators aλ, a
∗
λ satisfy the usual commutation relations
[aν(k), a
∗
λ(q)] = δ(k − q)δλ,ν , [aλ(k), aν(q)] = 0. (4)
The vectors ελ(k) ∈ R3 are two orthonormal polarization vectors perpendic-
ular to k.
Obviously,
A(x) = D(x) +D∗(x), (5)
where
D(x) =
∑
λ=1,2
∫
R3
χ(|k|)
2pi|k|1/2 ελaλ(k)e
ikxdk =
∑
λ=1,2
∫
R3
Gλ(k)aλ(k)e
ikxdk, (6)
and D∗ is the operator adjoint to D.
The function χ(|k|) describes the ultraviolet cutoff for the interaction at
large wavenumbers k. For convenience we choose χ to be the Heaviside
function Θ(Λ− |k|/lC ), where lC = ~/(mc) is the Compton wavelength. In
our units lC = 2. Our proof would work for any other cut-off.
ENHANCED BINDING IN NON-RELATIVISTIC QED 3
The photon field energy Hf is given by
Hf =
∑
λ=1,2
∫
R3
|k|a∗λ(k)aλ(k)dk, (7)
whereas
Pf =
∑
λ=1,2
∫
R3
ka∗λ(k)aλ(k)dk (8)
denotes the field momentum.
To prove existence of enhanced binding in non-relativistic QED we would
like to compare binding in the presence of the photon field and without it.
To this end let us introduce the Schro¨dinger operator
hβ = −∆+ βV (x) (9)
with external potential βV (x) ∈ C(R3), which we assume to be radial
V (x) = V (|x|), non-positive, V (x) ≤ 0, and with compact support. It is
known that there is a critical value of the parameter β0 > 0 such that for
β ≤ β0 there is no ground state and the operator (9) has only an essential
spectrum and at the same time for all β > β0 the operator hβ has at least
one eigenvalue.
The corresponding operator with a quantized radiation field is
Hβ = T + βV (x). (10)
[Hi] guarantees the self-adjointness of Hβ on the domain D(p2 +Hf ). Our
goal is to show that the operator Hβ has a bound state for values of β
strictly smaller than β0. To establish the existence of a ground state of Hβ
we apply the criterion of [GLL], which says that Hβ has a ground state if
inf spec Hβ < inf spec T. (11)
However, in contrast to the Schro¨dinger operator hβ , for which the infimum
of the spectrum without potential is always 0, the inf spec T is a complicated
function depending on α and Λ. To prove the inequality (11) one needs
precise estimates on this function. Our first result is the following asymptotic
estimate on Σα = inf spec T .
THEOREM 1 (Localization of the spectrum of a free spinless particle).
Let
E0 = 〈0|D ·D[P 2f +Hf ]−1D∗ ·D∗|0〉, (12)
with D∗ = D∗(0) and |0〉 denotes the vacuum of F . Then, for small α,∣∣∣Σα − αpi−1Λ2 + α2E0∣∣∣ ≤ Cα3Λ4, (13)
where C > 0 is an appropriate constant independent of α and Λ.
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REMARK 1. The number E0 can be computed directly through the inte-
gral
E0 =
∑
µ,ν=1,2
2
∫ [
Gµ(k1) ·Gν(k2)
]2
|k1 + k2|2 + |k1|+ |k2|dk1dk2. (14)
The first to leading order is obtained by perturbation theory. One of
our main goals here is to prove that perturbation theory is correct in the
case when Λ is fix, which is a non-trivial problem, since there is no isolated
eigenvalue and Kato’s perturbation methods cannot be applied.
Recall, that the operator hβ has a critical value β0 of the parameter β
such that, for β ≤ β0, hβ does not have a bound state. Using Theorem 1
we construct a variational trial function proving for small values of α the
following:
THEOREM 2 (Enhanced binding). For all sufficiently small α there exists
a number β1(α) < β0, such that for all β > β1(α) the operator Hβ has a
ground state.
Observe that the converse statement is not proven, namely we do not
obtain a β2(α) > 0 such that for β < β2(α) the ground state does not exist.
REMARK 2. Concerning the critical case β = β0 the proof of Theorem
2 in particular implies that there exists a real number ρ > 0 such that Hβ0
has a ground state for all α ∈ (0, ρ].
Of course we expect that binding holds on, or even increases, when α gets
large, but we cannot prove it due to the fact that we can only control the
self-energy for small α.
3. Proof of theorem 1
Let us start with a free spinless electron. In this case the Hamiltonian
is translation invariant, which means that it commutes with the total mo-
mentum p+Pf . It is therefore possible to rewrite the Hilbert space and the
Hamiltonian as a direct integral
H =
∫ ⊕
R3
d3P HP (15)
and
T =
∫ ⊕
R3
d3P TP , (16)
with TP acting on HP . Each HP is isomorphic to F . In this representation
TP is given by
TP =
(
P − Pf +
√
αA(0)
)2
+Hf . (17)
According to [F] the minimum of inf spec TP is achieved for P = 0, which
tells us that we only need to consider the operator
T0 =
(
Pf +
√
αA
)2
+Hf . (18)
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Throughout this section we use A = A(0), D = D(0), and D∗ = D∗(0). We
define Σα = inf spec T0.
It turns out to be convenient to denote a general Ψ ∈ H as
Ψ = {ψ0, ψ1, . . . , ψn, . . . }, (19)
where
ψn = ψn(x, k1, . . . , kn;λ1, . . . , λn). (20)
In order not to overburden the paper with too many indices we will sup-
press the photon variables in ψn, when it does not lead to misunderstanding.
3.1. Upper bound. We take the trial state
Ψ = {|0〉, 0,−α[P 2f +Hf ]−1D∗ ·D∗|0〉, 0, 0...} (21)
where |0〉 ∈ C, 〈0|0〉 = 1, denotes the vacuum vector. The photon part of Ψ
can be written explicitly as
−
∑
λ,µ=1,2
α
√
2
1
(k1 + k2)2 + |k1|2 + |k2|G
λ(k1) ·Gµ(k2)|0〉. (22)
Since
D ·D∗ −D∗ ·D = pi−1Λ2, (23)
obviously
A2 = pi−1Λ2 + 2D∗ ·D +D ·D +D∗ ·D∗. (24)
Therefore, since ‖Ψ‖2 ≥ 1,(
Ψ, T0Ψ
)
/(Ψ,Ψ) ≤ αpi−1Λ2 − α2〈0|D ·D[P 2f +Hf ]−1D∗ ·D∗|0〉
+ 2α3‖D[P 2f +Hf ]−1D∗ ·D∗|0〉‖2. (25)
One can easily see by scaling that the last two terms in the r.h.s. of (25)
are of order Λ2.
3.2. Lower bound1. We start with some a priori estimates.
LEMMA 1.
T0 ≥ αpi−1Λ2 − const.α2Λ3 + 12(P 2f +Hf ). (26)
Proof. Since [Pf , A] = 0
T0 = P
2
f + 2
√
αPf · A+ αA2 +Hf . (27)
By means of Schwarz’s inequality
2
√
αPf · A = 4
√
αℜ(Pf ·D) ≤ 12P 2f + 8αD∗D (28)
and
α(D ·D +D∗ ·D∗) ≤ C−1D∗ ·D + α2CD ·D∗ (29)
1A different proof of the lower bound, based on partitions of unity of the photon
configuration space and improved estimates for the localization errors for the relativistic
energy, can be found in the preprint version [HVV].
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for any C > 0. Using (24) we obtain
T0 ≥ (pi−1αΛ2 − Cpiα2Λ2) +Hf
(
1
2 −
8αΛ
pi
− C−1Λ2
pi
− α2C
pi
Λ
)
+ 12(P
2
f +Hf ), (30)
which implies the lemma with C = c¯Λ, with an appropriate c¯ > 0, and αΛ
and α not too large. 
REMARK 3. We know from the upper bound that any approximate
ground state Ψ0 satisfies (Ψ0, T0Ψ0) ≤ αpi−1Λ2 + O(α2). Therefore by
Lemma 1 we infer the a priori estimate(
Ψ0, [P
2
f +Hf ]Ψ0
) ≤ const.α2Λ3. (31)
Using (24) we derive
(Ψ0, T0Ψ0) ≥ αpi−1Λ2‖Ψ0‖2 +
∞∑
n=0
E [ψn, ψn+1, ψn+2], (32)
where
E [ψn, ψn+1, ψn+2] = (ψn+2,Aψn+2)
+ 2ℜ ([2√αPf ·D∗ψn+1 + αD∗ ·D∗ψn], ψn+2) , (33)
with
A = P 2f +Hf . (34)
Recall, in our notation
Ψ0 = {ψ0, ψ1(k1), ...., ψn(k1, . . . , kn), ...}. (35)
We consider the term E [ψn, ψn+1, ψn+2]. If we set
f = A1/2ψn+2, g = −A−1/2
[√
α2Pf ·D∗ψn+1 + αD∗ ·D∗ψn
]
(36)
then by means of ‖f‖2 − 2ℜ(f, g) ≥ −‖g‖2 we derive
E [ψn, ψn+1, ψn+2] ≥ −
∥∥∥2√αA−1/2Pf · D∗ψn+1 + αA−1/2D∗ · D∗ψn∥∥∥2.
(37)
Let us start the estimation of the r.h.s. of (37) with
−α2(ψn,D ·D[P 2f +Hf ]−1D∗ ·D∗ψn). (38)
It will be shown that it produces the first to leading order in α2. Recall,
[D∗ ·D∗ψn]n+2 = 1√
(n+ 2)(n + 1)
∑
λ,µ=1,2
n+2∑
j=1
n+2∑
i=1
i 6=j
Gµ(kj) ·Gλ(ki)×
× ψn(k1, . . . , 6kj , . . . , 6ki, . . . , kn+2), (39)
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where 6kj indicates that the j−th variable is omitted. By permutational
symmetry we can distinguish between three different terms,(
ψn,D ·D[P 2f +Hf ]−1D∗ ·D∗ψn
)
= In + IIn + IIIn, (40)
which come out quite naturally when we insert equation (39) into (40) and
have in mind that the l.h.s. of (40) can be written as(
D∗ ·D∗ψn, [P 2f +Hf ]−1D∗ ·D∗ψn
)
. (41)
First, the diagonal part In appears, when in the right hand side of (41)
as well as in the left hand side two photons Gµ(kj) · Gλ(ki) with the same
variables ki, kj are produced,
In =
∑
λ,µ=1,2
2
∫ [
Gλ(k1) ·Gµ(k2)
]2|ψn(k3, . . . , kn+2)|2∣∣∑n+2
i=1 ki
∣∣2 +∑n+2i=1 |ki| dk1 . . . dkn+2. (42)
If we setQ =
∣∣∑n+2
i=3 ki
∣∣2+∣∣k1+k2∣∣2+∑n+2i=1 |ki| and b = 2[∑n+2i=3 ki]·[k1+k2]
and use the expansion
1
Q+ b =
1
Q −
1
Qb
1
Q +
1
Qb
1
Q+ bb
1
Q (43)
then we see that the second term vanishes when integrating over k1, k2.
Therefore, with Q ≥ ∣∣k1+ k2∣∣2+ |k1|+ |k2| and Q+ b ≥ |k1|+ |k2| we arrive
at
In ≤
∑
λ,µ=1,2
2
[
‖ψn‖2
∫ [
Gλ(k1) ·Gµ(k2)
]2
|k1 + k2|2 + |k1|+ |k2|dk1dk2
+ 4
∫ ∣∣Gλ(k1)∣∣2∣∣Gµ(k2)∣∣2[|k1|+ |k2|]2[|k1 + k2|2 + |k1|+ |k2|]2(|k1|+ |k2|)×
× ∣∣ n+2∑
i=3
ki
∣∣2|ψn(k3, . . . , kn+2)|2dk1 . . . dkn+2]
≤ 〈0|D ·D[P 2f +Hf ]−1D∗ ·D∗|0〉‖ψn‖2 + const.Λ‖Pfψn‖2. (44)
For convenience we define the operator |D| by
|D| =
∑
λ=1,2
∫
|Gλ(k)|aλ(k)dk. (45)
|D|∗ denotes the operator adjoint. Obviously, [GLL, Lemma A. 4] still holds
for |D|, namely
|D|∗|D| ≤ 2
pi
Hf . (46)
The second term IIn occurs, when a term G
µ(kj) · Gλ(ki) in the l.h.s. of
(41) meets a two photon part Gµ(kj) · Gλ(kl) in the r.h.s. of (41). Using
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P 2f +Hf ≥ Hf we evaluate
IIn ≤ (n+ 1)
∑
λ,µ=1,2
∫ ∣∣Gλ(k1)∣∣∣∣Gµ(k2)∣∣∣∣Gλ(k1)∣∣∣∣Gµ(kn+2)∣∣∑n+2
i=1 |ki|
×
× |ψn(k3, . . . , kn+2)||ψn(k2, . . . , kn+1)|dk1 . . . dkn+2
≤ const.
∫ |G(k1)|2
|k1| dk1
(
ψn, |D|∗|D|ψn
) ≤ const.Λ2(ψn,Hfψn). (47)
Finally, the third term, where the indices of produced photons in the right
hand side differ completely from the indices in the left hand side of (41),
can be bounded by
IIIn ≤ (n+ 1)2
∑
λ,µ=1,2
∫ ∣∣Gλ(k1)∣∣∣∣Gµ(k2)∣∣∣∣Gλ(kn+1)∣∣∣∣Gµ(kn+2)∣∣∑n+2
i=1 |ki|
×
× |ψn(k3, . . . , kn+2)||ψ(k1, . . . , kn)|dk1 . . . dkn+2
≤ const.(ψn, |D|∗H−1/2f |D|∗|D|H−1/2f |D|ψn) ≤ const.Λ(ψn,Hfψn), (48)
where we used
n+2∑
i=1
|ki| ≥
∣∣∣∣∣
n+1∑
i=1
|ki|
∣∣∣∣∣
1/2 ∣∣∣∣∣
n+2∑
i=2
|ki|
∣∣∣∣∣
1/2
, (49)
the fact that we can write
[
Hf
]−1/2
ψn(k1, . . . , kn) =
[
n∑
i=1
|ki|
]−1/2
ψn(k1, . . . , kn), (50)
and (46).
We summarize
−α2(ψn,D ·DA−1D∗ ·D∗ψn) ≥ −α2〈0|D ·D[P 2f +Hf ]−1D∗ ·D∗|0〉‖ψn‖2
− const.Λ
(
‖Pfψn‖2 + Λ(ψn,Hfψn)
)
. (51)
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The second diagonal term of (37) reads
− α(Pf ·D∗ψn+1,A−1Pf ·D∗ψn+1) =
∑
λ=1,2
−α×
×
[ ∫ [Gλ(kn+2) · (∑n+1i=1 ki)]2 |ψn+1(k1, . . . , kn+1)|2∣∣∣∑n+2i=1 ki∣∣∣2 +∑n+2i=1 |ki|
dk1 . . . dkn+2
+ (n+ 1)
∫ [Gλ(k1) · (∑n+2i=1 ki)] [Gλ(kn+2) · (∑n+2i=1 ki)]∣∣∣∑n+2i=1 ki∣∣∣2 +∑n+2i=2 |ki|
×
× ψn+1(k1, . . . , kn+1)ψn+1(k2, . . . , kn+2)dk1 . . . dkn+2
]
≥ −const.α
(
Λ‖Pfψn+1‖2 + (ψn+1, |D|∗|D|ψn+1)
)
. (52)
For the second term in the r.h.s. we used first∣∣∣∑n+2i=1 ki∣∣∣2∣∣∣∑n+2i=1 ki∣∣∣2 +∑n+2i=2 |ki|
≤ 1. (53)
By (46) and Schwarz’s inequality for the off-diagonal term in (37), as well
as summing over all n and using the a priori knowledge (31) we arrive at
the desired result.
4. Proof of theorem 2
To prove the Theorem we will check the binding condition of [GLL] for
β = β0. Namely, we will show that
inf spec Hβ0 < Σα − δα2 +O(α5/2). (54)
The binding for all β ∈ (β1, β0] with some β1 < β0 follows from (54) and the
continuity of the quadratic form in β. In the proof of Theorem 1 we have
seen that the trial state
Ψn = {|0〉, 0, α[P 2f +Hf ]−1D(0)∗ ·D(0)∗|0〉, 0, 0, ..}, (55)
recovers the self energy up to the order α2. Our next goal is to modify this
trial state in such a way that for the modified state Ψ0 ∈ H
(Ψ0,Hβ0Ψ
0) ≤ (Σα − δα2 +O(α5/2))‖Ψ‖2, (56)
with some δ > 0.
Throughout the previous section we worked with the operator A(0). Here,
our Hamiltonian depends on the electron variable x. In order to adapt
our methods developed in the previous section we introduce the unitary
transform
U = eiPf ·x (57)
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acting on the Hilbert space H. Applied to a n-photon function ϕn we ob-
tain Uϕn = e
i(
∑n
i=1 ki)·xϕn(x, k1, . . . , kn) and additionally U(D
∗(x)ψ(x)) =
G(k)ψ(x).
Since UpU∗ = p− Pf we infer for our Hamiltonian Hβ0
UHβ0U
∗ = (p− Pf +
√
αA)2 +Hf + β0V (x) ≡ H¯β0 , (58)
with A = A(0). Obviously,
inf spec H¯β0 = inf spec Hβ0 . (59)
Therefore, for convenience, we will work in the following with the operator
H¯β0 .
Next, we define our trial function
Ψ0 = {f,−d√αA−1p ·D∗f,−αA−1D∗ ·D∗f, 0, 0, ...}, (60)
with A = P 2f +Hf , D = D(0), and d an appropriate constant which will be
chosen later.
We assume f(x) ∈ C20 (R3) to be a real, spherically symmetric function
and to fulfill the condition
‖p2f(x)‖ ≤ C1‖pf(x)‖ ≤ C2
√
α‖f(x)‖, (61)
with some constants C1,2.
For short, denote the 1- and 2- photon terms in Ψ0 as ψ1 respectively ψ2.
Obviously, the terms (ψ1, Pf · pψ1) and (ψ2, Pf · pψ2) vanish. This can be
seen by integrating over the field variables having in mind that the reflection
k → −k commutes with A.
By means of (61) and Schwarz’s inequality we obtain∣∣2√α(p ·D∗ψ1, ψ2)∣∣+ |(ψ2, p2xψ2)| ≤ ‖Ψ0‖2O(α5/2). (62)
We now use our knowledge from the proof of Theorem 1 to obtain
αpi−1Λ2‖Ψ0‖2 + (ψ2, [P 2f +Hf ]ψ2) + 2αℜ(D∗ ·D∗f, ψ2) =
=
[
Σα +O(α3)
]‖Ψ0‖2. (63)
Taking into account that V ≤ 0 we arrive at(
Ψ0, H¯β0Ψ
0
) ≤ (f, [p2 + β0V ]f)− dα(f, p ·DA−1p ·D∗f)+
+ αd2
[
(f, p ·DA−1p ·D∗f) + (f, p ·DA−1p2A−1p ·D∗f)]+
+ [Σα +O(α5/2)]‖f‖2. (64)
Using the Fourier transform we are able to evaluate explicitly
(f, p ·DA−1p ·D∗f) =
∑
λ=1,2
∫
|fˆ(l)|2 [G
λ(k) · l]2
|k|2 + |k| dkdl = C3‖pf‖
2 (65)
and additionally get
(f, p ·DA−1p2A−1p ·D∗f) = C3‖p2f‖2 ≤ C4‖pf‖2, (66)
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where we used (61). This implies(
Ψ0, H¯β0Ψ
0
) ≤ (1− C3αd+ d2α(C3 + C4))(f, p2f) + (f, β0V f)
+ [Σα +O(α5/2)]‖Ψ0‖2. (67)
As the next step we choose d < C32(C3+C4) which gives
(Ψ0, H¯β0Ψ
0) ≤ (1− να)‖pf‖2 + β0(f, V f) +
(
Σα +O(α5/2)
)‖Ψ0‖2, (68)
where
ν =
C23
4(C3 + C4)
. (69)
Due to our choice of β0, obviously the operator
−(1− να)∆ + β0V (x) (70)
has at least one negative eigenvalue. However, the r.h.s. of (68) contains
the terms which are of order O(α5/2) and to prove Theorem 2 we have to
provide more precise estimates on the negative eigenvalues of (70). The
required estimate is given by Lemma 2 in the Appendix.
Applying this Lemma with να = γ completes the proof of the theorem.
Appendix A. Auxiliary Lemma
LEMMA 2. Let β0 be the critical value (the maximal value of the constant
β, for which the Schro¨dinger operator with the potential βV does not have
a discrete spectrum). Then
inf spec {−(1− γ)∆ + β0V (|x|)} < −δγ2, (71)
for some δ > 0 and γ small enough.
Moreover, there exists a function fγ(x), real, spherically symmetric and
satisfying condition (61), with constants C1,2 independent of γ, such that
(1− γ)‖∇fγ‖2 + β0(fγ , V (|x|)fγ) < −δγ2‖fγ‖2. (72)
Proof. Let us start by recalling some properties of the operator
hβ = −∆+ βV (x), (73)
V (x) ≤ 0, radial, and compactly supported, with critical value β = β0. For
β = β0 the operator hβ has a so-called virtual level or zero-resonance. It
means that the equation
−∆ψ + β0V (x)ψ = 0 (74)
has a generalized spherically symmetric solution ψ˜ with the following prop-
erties [VZ]:
(i) Let B be a closure of the space C∞0 (R3) in the norm ‖ψ‖B = ‖∇ψ‖.
Then ψ˜ ∈ B. From this point we assume that ψ˜ is a normalized
solution in the sense that ‖ψ˜‖B = 1. Notice, that ψ˜ ∈ L2loc(R3), but
ψ˜ /∈ L2(R3).
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(ii) −∆ψ˜ ∈ L2(R3) and V (x)ψ˜ ∈ L2(R3).
(iii) Outside the support of V (x) holds
ψ˜(x) = C|x|−1. (75)
The last property follows immediately from the fact that outside the support
of V (x) a radial solution of (74) can be written as c1|x|−1 + c2, and ψ˜ ∈ B
implies c2 = 0.
Now we proceed directly to the proof Lemma 2. Let
u ∈ C20 (R3), u(x) ≤ 1, u(x) = 1 for |x| ≤ 1, u(x) = 0 for |x| ≥ 2 (76)
and set
fn(x) = ψ˜(x)u(|x|γn−1)‖ψ˜(x)u(|x|γn−1)‖−1. (77)
Obviously ‖fn(x)‖ = 1 and for large n
‖∇fn(x)‖ ≤ ‖ψ˜(x)u(|x|γn−1)‖−1{‖∇ψ˜‖|x|≤2γ−1n
+ ‖C|x|−1‖γ−1n≤|x|≤2γ−1nmax[|∇u(|x|γn−1)|]}
≤ ‖ψ˜(x)u(|x|γn−1)‖−1{‖∇ψ˜‖+c(γ−1n)1/2γn−1} ≤ 2‖ψ˜(x)u(|x|γn−1)‖−1.
(78)
Assume V (x) is supported in a ball of radius a0. Then ψ˜(x) = C|x|−1 for
|x| ≥ a0 and
‖ψ˜(x)u(|x|γn−1)‖2 ≥ 4piC2
∫
a0≤|x|≤2γ−1n
d|x|
= 4piC2(2γ−1n− a0) ≥ 4C2piγ−1n (79)
for n ≥ a0γ .
The inequalities (78) and (79) imply the second relation in (61) with the
constant C2 independent of n and γ. To check the first inequality in (61)
let us estimate
‖∆
(
ψ˜(x)u(|x|γn−1)
)
‖ ≤ ‖∆ψ˜‖+

 3∑
i=1
∫ ( 3∑
i=1
∂ψ˜
∂xi
∂u
∂xi
)2
dx


1
2
+
(∫
C
|x|2∆u(|x|γn
−1)dx
) 1
2
. (80)
According to (ii) the first term on the r.h.s. of (80) is bounded. The second
term is also bounded, since |∇u(|x|γn−1)| ≤ const., (recall that ‖∇ψ˜‖ = 1)
and the last term is also bounded by a constant for n ≥ 2a0γ . Finally we
arrive at
‖∆
(
ψ˜(x)u(|x|γn−1)
)
‖ ≤ C1‖∇ψ˜(x)‖, (81)
which implies
‖∆fn(x)‖ ≤ C1‖∇fn(x)‖. (82)
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To prove the Lemma it suffices now to show that for large n
(1− γ)‖∇fn‖2 + β0(fn, V fn) ≤ −δγ2‖fn‖2, (83)
with some δ > 0 independent of γ. This is equivalent to
(1−γ)‖∇(ψ˜(x)u(|x|γn−1))‖2+β0(ψ˜, V ψ˜) ≤ −δγ2‖ψ˜(x)u(|x|γn−1)‖2. (84)
Recall that
‖ψ˜u(|x|γn−1)‖2 ≤ c3 4
3
pia30 + 8piC
2
∫ 2γ−1n
a0
d|x| ≤ 2c4γ−1n, (85)
for large n, where c3 = max|x|≤a0 |ψ˜(x)|, and
‖∇ψ˜‖2 + β0(ψ˜, V ψ˜) = 0, (86)
which implies
(1− γ)‖∇(ψ˜(x)u(|x|γn−1))‖2 + β0(ψ˜, V ψ˜) ≤
≤ −γ[‖(∇ψ˜)u‖ − ‖ψ˜∇u‖]2 + [‖∇ψ˜‖2 − ‖∇(ψ˜u)‖2] (87)
≤ −γ
[
1
2
‖∇ψ˜‖ − Cγ1/2n−1/2
]2
+ 3‖∇ψ˜‖2|x|≥γ−1n
+2‖ψ˜|∇u|‖2γ−1n≤|x|≤2γ−1n.
For n large we have
i) ‖∇ψ˜‖2|x|≥γ−1n = 4piC2
∫ ∞
γ−1n
|x|−2d|x| = 4piC2γn−1,
ii) ‖ψ˜|∇u|‖2γ−1n≤|x|≤2γ−1n ≤ c5γ2n−24pi
∫ 2γ−1n
γ−1n
d|x| = c6γn−1, (88)
iii) Cγ1/2n−1/2 <
1
4
=
1
4
‖∇ψ˜‖, (89)
which implies together with (87)
− (1− γ)‖∇(ψ˜(x)u(|x|γn−1))‖2 + β0(ψ˜, V ψ˜)
≤ −γ/4 + 3C2γn−1 + 2c6γn−1 ≤ −γ/8 ≤ − γ
2
32C2pin
‖ψ˜u(|x|γn−1))‖2.
(90)
To complete the proof of the Lemma it suffices now to choose n so large that
(90) holds true (notice, that it can be done uniformly in γ for γ ≤ 1) and
for this n take δ = 132C
−2pi−1n−1, where C is the constant in (79), which
depends on the zero-resonance solution ψ˜ only. 
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